Introduction
The Gauss-Bonnet theorem tells us that the total Gauss curvature of a compact surface is 2πχ, where χ is the Euler characteristic. In attempting to generalize this theorem to three-manifolds two problems are immediately apparent; the Euler characteristic of all three-manifolds is zero and the Gauss curvature of a three manifold is not intrinsic. One trivial consequence of the Gauss-Bonnet theorem is that if a surface is immersed in R 3 and the immersion is allowed to evolve smoothly, that the total Gauss curvature will not change. It is this fact that we wish to generalize to three-manifolds by proving the following theorem. Theorem 1.1. Let F 0 (M) and F 1 (M) be two immersions into R 4 of a closed, compact, orientable, smooth three-manifold M, which are smoothly homotopic. Then F 0 (M) and F 1 (M) have the same total Gauss curvature so long as the unit normals are chosen so that they vary continuously with the homotopy.
By a smooth homotopy of immersions, we mean a map F : [0, 1] × M → R 4 such that F is smooth in t, and for a fixed t, F is a smooth immersion. F (t, ·) is denoted F t .
Our strategy will be to assume that F t is a one-parameter family of smooth immersions with normal velocity ∂Ft ∂t = f v, where f is a time-dependent smooth function, and v is a unit normal vector field. We calculate
K explicitly, where K is the Gauss curvature. We give a brief justification that there is no generality lost in assuming the velocity is normal.
In the final section, we calculate the total Gauss curvature on some manifolds of revolution. For each integer, we define a class of immersions of the three-sphere and S 1 × S 2 that all share the same total Gauss curvature. Any two immersions in different classes have different total Gauss curvatures, and are therefore not homotopic. We then give some interesting corollaries.
Variation formulas
We start by borrowing some formulas for the evolution of various quantities. First, the evolution of the metric, normal vector, and second fundamental form, all of which come from [2] . We denote the second fundamental form by h ij , and the shape operator as s
Lemma 2.3.
Proof.
Proof. Recall that
From the evolution of the second fundamental form, we easily find the evolution of the shape operator.
Corollary 2.5.
The evolution of the integral of a function is simply a matter of knowing the evolution of the volume form.
Lemma 2.6. Let h be an arbitrary function on M. Then
Proof. From [1] , the volume element evolves by
Evolution of the Total Gauss Curvature
In this section, we set out to prove the following:
Theorem 3.1. Let F (t) be a one parameter family of smooth immersions of a closed, compact, orientable, smooth three-manifold M into R 4 . Let f be an arbitrary timedependent function on M. Let v be a unit normal vector field. If 
where E is the Einstein tensor. Integrating by parts:
because the Einstein tensor is divergence free.
So far we have proved that if a manifold evolves in a normal direction, its total Gauss curvature will not change. We give a brief explanation why there is no generality lost in assuming the velocity vector is normal. Suppose that
Let φ t (M) be the family of diffeomorphisms of M generated by −X i ∂ ∂x i
. Then definẽ
will be normal andF t (M) and F t (M) will have the same total Gauss curvature for all t.
Examples and Corollaries
In the case of a three-manifold of revolution generated by a curve γ(s) = (a(s), b(s)) where s ∈ [0, L] (we will assume to γ to be parameterized by arclength), we have two classes of examples of manifolds for which we can calculate the total Gauss curvature explicitly, three-spheres, and S 1 × S 2 . Through a straight-forward calculation not shown here, the Gauss curvature is
assuming the unit normal is (−b ′ , a ′ ). This we can integrate explicitly:
Let ψ be the angle thatγ makes with the x−axis. Then a ′ = cos(ψ), b ′ = sin(ψ), and
. We re-write the integral:
.
One possibility is that this manifold is a sphere, so γ(0) = (c 1 , 0) and γ(L) = (c 2 , 0), where c 2 > c 1 . In this case ψ(0) = , so the total Gauss curvature is 4π 2 k. The other case is that γ is a closed loop in the upper half plane, generating a manifold homeomorphic to S 1 × S 2 . In this case ψ(L) − ψ(0) = −2π − 2πk, where this time k ∈ Z so the integral would be 4π 2 + 4π 2 k. Notice that in both cases, k is the number of times γ complets a loop, counting a clockwise loop as 1, and a counterclockwise loop as -1. For an embedded sphere, k = 1 2 , and for an embedded
Corollary 4.1. If F is a smooth immersion of the three-sphere into R 4 which is homotopic to the imbedded round sphere, then the total Gauss curvature of F using an outward normal is 2π 2 .
Corollary 4.2. If F is a smooth immersion of S 1 × S 2 into R 4 which is smoothly homotopic to an imbedded round S 1 ×S 2 , then the total Gauss curvature using an outward normal of F is 4π 2 .
In [3] , Smale proved that it is possible to evert a two-sphere. That is, there exists a homotopy between a two sphere immersed in R 3 and it's reflection about any plane. The total Gauss curvature provides no obstruction because if you choose an opposite unit normal for an immersed surface, the Gauss curvature remains the same. In the case of a three-manifold, however, reversing the unit normal means changing the sign of the Gauss curvature. This would mean that a round three-sphere of radius 1 with an outward unit normal would have total Gauss curvature 2π 2 whereas the opposite choice of unit normal would give total Gauss curvature −2π
2 . By theorem 3.1 if these were homotopic, the total Gauss curvature would be constant. Therefore, we have: Corollary 4.3. The three-sphere is not evertible.
